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Conjugate Frobenius manifold and inversion symmetry
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Abstract

We give a conjugacy relation on certain type of Frobenius manifold structures using the theory of
flat pencils of metrics. It leads to a geometric interpretation for the inversion symmetry of solutions
to Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) equations.
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1 Introduction

Boris Dubrovin introduced the notion of a Frobenius manifold as a geometric realization of a potential
F which satisfies a system of partial differential equations known in topological field theory as Witten-
Dijkgraaf-Verlinde-Verlinde (WDVV) equations. More precisely, a Frobenius algebra is a commutative
associative algebra with an identity e and a nondegenerate bilinear form II compatible with the product,
e, II(aob,c) =II(a,boc). A Frobenius manifold is a manifold with a smooth structure of a Frobenius
algebra on the tangent space at any point with certain compatibility conditions. Globally, we require
the metric II to be flat and the identity vector field e to be covariantly constant with respect to the
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corresponding Levi-Civita connection. Detailed information about Frobenius manifolds and related topics
can be found in [8].

Let M be a Frobenius manifold. In flat coordinates (¢!, ...,¢") for II where e = 9 the compatibility
conditions imply that there exists a function F(¢!,...,#") which encodes the Frobenius structure, i.e., the
flat metric is given by

I1;;(t) = I1(04i, 0y ) = Opr Oy Oy F () (1.1)

and, setting Q;(t) to be the inverse of the matrix II(¢), the structure constants of the Frobenius algebra
are given by
k
Ci () = QP (£) 0w 0, 0, F (2).

Here, and in what follows, summation with respect to repeated upper and lower indices is assumed. The
definition includes the existence of a vector field E of the form E = (alt' + 1), satisfying

EF(t) = (3-d)F(t) + %Aijtitﬂ' +Bit' +¢ (1.2)

where af , bj, ¢, Aij, B; and d are constants with a;. = 1. The vector field E is called the Euler vector field
and the number d is called the charge of the Frobenius manifold. The associativity of Frobenius algebra
implies that the potential F(t) satisfies the WDVV equations

040 Oy F(t) VP 010 g Opn F(t) = On By O F(£) QP O Bya 0T (1), Vi, j,q,n. (1.3)

Conversely, an arbitrary potential F(t!,...,t") satisfying equations (1.3) and (1.2) with (1.1) determines
a Frobenius manifold structure on its domain [8]. Moreover, there exists a quasihomogenius flat pencil of
metrics (QFPM) of degree d associated to the Frobenius structure on M which consists of the intersection
form Q9 and the flat metric Oy with the function 7 = IT;; ¢ (see definition 2.3 below). Here

QY (t) = E(dt' o dt’) (1.4)

where the product dt’ o dt’ is defined by lifting the product on TM to T* M using the flat metric €;. In
this article we prove that, when d # 1, e(7) =0 and E(7) = (1 — d)7, we can construct another QFPM
of degree 2 —d on M consisting of the intersection form Qs and a different flat metric ;. We call it
the conjugate QFPM. In particular, under a specific regularity condition, we get a conjugation between
a certain type of Frobenius manifold structures on a given manifold. Precisely, we prove the following
theorem.

Theorem 1.1. Let M be a Frobenius manifold with the Fuler vector field E and the identity vector field
e. Suppose the associated QFPM is regular of degree d with a function 7. Assume that e(7) = 0 and
E(t) = (1-d)r. Then we can construct another Frobenius manifold structure on M\{T = 0} of degree
2 —d. Moreover, we can apply the same method to the new Frobenius manifold structure and it leads to
the original Frobenius manifold structure.

For a fixed Frobenius manifold the new structure that can be obtained using Theorem 1.1 will be
called the conjugate Frobenius manifold structure.

Let us assume II; ; = 5%-1, i.e., the potential F has the standard form
ORI I 1 r-1
F(t) =§(t )t +5t Yo't + Gt . ) (1.5)
i=2

and the quasihomogeneity condition (1.2) takes the form

E =dit'd,, EF(t) = (3-d)F(t); d, =1. (1.6)



Here, the numbers d; are called the degrees of the Frobenius manifold. Recall that a symmetry of the
WDVYV equations is a transformation of the form

the 2t eI, FeF

such that F satisfies the WDVV equations. The inversion symmetry ([8], Appendix B) is an involutive
symmetry given by setting

1, tit) tr
21=—t—1, z ZHij(t)§7 Zkzt—17 2<k<r (1.7)
Then 1
F(z) = (1) (F(t) - St Tt ) (18)

is another solution to the WDVV equations with the flat metric TI;;(2) = 5%-1. The charge of the
corresponding Frobenius manifold structure is 2 — d and the degrees are

dy=-di, dy=1, di=d;j—dy for 1<i<r. (1.9)
The inversion symmetry is obtained from a special Schlesinger transformation of the system of lin-
ear ODEs with rational coefficients associated to the WDVV equations. A geometric relation between
Frobenius manifold structures correspond to F(t) and F(z) was outlined through the sophisticated notion
of Givental groups in [13]. In this article, we obtained a simple geometric interpertation and we report
that ﬁ(z) is the potential of the conjugate Frobenius manifold structure. In other words, we prove the
following theorem.

Theorem 1.2. Let M be a Frobenius manifold with charge d # 1. Suppose in the flat coordinates
(t',...,t"), the potential F(t) has the standard form (1.5) and the quasihomogeneity condition takes the

d
form (1.6) with d; + 51 for every i. Then we can construct the conjugate Frobenius manifold structure

on M\{t' =0}. Moreover, flat coordinates for the conjugate Frobenius manifold are

dy-2d;

. . 1. . . -2 _
st=—tt, s'=t'(t)) @ for 1<i<r, §"= 3 St (@ " (1.10)
i=1

In addition, the corresponding potential equals the potential obtained by applying the inversion symmetry
to F(t) and it is given by

— T
F(s) = (¢H)@ (F(tl, AT - %t" ztit”ﬂ). (1.11)
1

Examples of Frobenius manifolds satisfying the hypotheses of Theorem 1.2 include Frobenius manifold
structures constructed on orbits spaces of standard reflection representations of irreducible Coxeter groups
in [9] and [22] and algebraic Frobenius manifolds constructed using classical W-algebras [5]. However,
the result presented in this article is a consequence of the work [6] and [1]. There, we investigated the
existence of Frobenius manifold structures on orbits spaces of some non-reflection representations of finite
groups and we noticed that certain structures appear in pairs. Analyzing such pairs led us to the notion
of conjugate Frobenius manifold.

This article is organized as follows. In section 2, we review the relation between Frobenius manifold,
flat pencil of metrics and compatible Poisson brackets of hydrodynamic type. Then we introduce a
conjugacy relation between certain class of quasihomogeneous flat pencils of metrics in section 3. It can be
interpreted as a conjugacy relation between certain class of compatible Poisson brackets of hydrodynamic
type. We prove Theorem 1.1 in section 3 and Theorem 1.2 in section 4. In section 5, we discuss the
findings of this article on polynomial Frobenius manifolds. We end the article with some remarks.



2 Background

We review in this section the relation between flat pencil of metrics, compatible Poisson brackets of
hydrodynamics type and Frobenius manifold. More details can be found in [10].

Let M be a smooth manifold of dimension r and fix local coordinates (u',...,u") on M.

Definition 2.1. A symmetric bilinear form (.,.) on T*M is called a contravariant metric if it is invertible
on an open dense subset My S M. We define the contravariant Christoffel symbols Ty K for a contravariant
metric (.,.) by
i _ imJ
ry=-Qmr
where ank are the Christoffel symbols of the metric < .,. > defined on T My by the inverse of the matrix
0 (u) = (du',du?). We say the metric (.,.) is flat if <.,.> is flat.

Let (.,.) be a contraviariant metric on M and set Q% (u) = (du’,du’). Then we will use € to refer to
the metric and Q(u) to refer to its matrix in the coordinates. In particular, the Lie derivative of (.,.)
along a vector field X will be written Liex$ while XQ% means the vector field X acting on the entry
Q. The Christoffel symbols given in definition 2.1 determine for €2 the contravariant (resp. covariant)
derivative V' (resp. V;) along the covector du’ (resp. the vector field d,:). They are related by the
identity V' = Q% (u)V;.

Definition 2.2. A flat pencil of metrics (FPM) on M is a pair (Q2,1) of two flat contravariant metrics
Qs and Q1 on M satisfying

1. Q9+ X defines a flat metric on T*M for a generic constant X,

2. the Christoffel symbols of Qo + AQq are I‘” + /\I‘ljk, where T ;Jk and T lek are the Christoffel symbols
of Qo and 1, respectively.

Definition 2.3. A flat pencil of metrics (Q2,Q1) on M is called quasihomogeneous flat pencil of metrics
(QFPM) of degree d if there exists a function T on M such that the vector fields E and e defined by

E = Vor, E'=0QY(u)d,T (2.1)
e = VT, €= Qij(u)(‘)uﬂ
satisfy
[e,E]=e, LiegQy=(d-1)Q2, Lies=8; and Lie.0 =0. (2.2)
Such a QFPM is regular if the (1,1)-tensor
Cod=1 :
R} = ——6] + Vi, (2.3)

is nondegenerate on M.

Let (Q2,9Q1) be a QFPM of degree d. Then according to [10], we can fix flat coordinates (t!,¢2,...,t")
for Q4 such that

. L . g 1-d .. d-1
T=t', B'=Qy, ¢ =), TY, =0, T4 = 5 ——0}, Tyl = —5 +OpFl, OuE'=1-d.  (24)
Moreover, if (Q9,€1) is regular then d # 1.

Consider the loop space £(M) of M, i.e., the space of smooth maps from the circle S* to M. A
local Poisson bracket on £(M) is a Lie algebra structure on the space of local functionals on £(M). Let



{.,.} be a local Poisson bracket of hydrodynamic type (PBHT), i.e., it has the following form in the local
coordinates [10]

{u' (@), 0 ()} = Q9 (w(@))d' (& = y) + T} (u(z))ufd(x = y), i, j = 1,7 (2.5)

where 6(z —y) is the Dirac delta function defined by [o1 f(y)d(z —y)dy = f(x). Then we say {.,.} is
nondegenerate if det Q% # 0 and the Lie derivative of {.,.} along a vector field X := X*0,; reads

Liex{.,. }(u"(z),4 (y)) = (X0 QY = Q¥ 9s X' = Q" 0,s X7) 8 (x - y)
+ (X0 T =T 0,s X' =T 0ys X7 4 T, X* = Q0,5 0,0 X7 Yub S ().
We will use the following two theorems.

Theorem 2.4. [19] Let X be a vector field on M and {.,.} be a PBHT on £(M). If Lie%{.,.} =0, then
Liex{.,.} is a PBHT and it is compatible with {.,.}, i.e., {.,.} + \Liex{.,.} is a PBHT for every constant
A

Theorem 2.5. [7] The form (2.5) defines a nondegenerate PBHT {.,.} if and only if the matriz Q" (u)
defines a flat contravariant metric on M and I'} (u) are its Christoffel symbols.

From Theorem 2.5 and Theorem 2.4, we get the following corollary:

Corollary 2.6. Let {.,.}5 and {.,.}1 be two nondegenerate compatible PBHT on £(M) having the form
(0 (), () b = 9 () (2 = ) + T (u(2)) a6y, a=1,2

Suppose {.,.}2 + M{.,.}1 is a nondegenerate PBHT for a generic constant A\. Then (Q2,€1) is a FPM on
M. Conversely, a FPM on M determines nondegenerate compatible Poisson brackets of hydrodynamic
type on £(M).

As mentioned in the introduction, if M is a Frobenius manifold of charge d then there is an associated
QFPM (€Q2,91) of degree d on M, where Qs is the intersection form and € is the flat metric. In the
flat coordinates (t!,...,t") we have 7 = IT;;¢'. Then the Euler vector field F and the identity vector field
e of the Frobenius manifold have the form (2.1) and satisfy equations (2.2). The following theorem give
a converse statement.

Theorem 2.7. [10] Let M be a manifold carrying a reqular QFPM (2,81) of degree d. Then there
exists a unique Frobenius manifold structure on M of charge d where (Q2,€1) is the associated QFPM.

3 Conjugate Frobenius manifold

We fix a manifold M with a QFPM T = (,€7) of degree d # 1. We fix a function 7 for 7' which
determines the vector fields F and e (see definition 2.3). We suppose

e(t)=0 and E(7)=(1-d)T. (3.1)
We introduce the function f(7) := (T)ﬁ and the vector field €:= f(7)e. We define

Q1 =LiegQa = fQ - f/(E®e+e® E). (3.2)



Then
LieZQ = f*(Liez Q) + (2(f")?E(r) ~4f f)e®@e+ f f'e(r)h (3.3)
+ (= ffMe(r)(E®@e+e®E) =0

We fix flat coordinates (t!,...,t") leading to the identities (2.4). Considering the condition (3.1), we
will further assume that e = 0. Thus

Q =6t 9pQY =0pE' =0, (3.4)

Let {.,.} denote the nondegenerate PBHT associated to Q9. Then by Corollary 2.6, Lie.{.,.} is the
PBHT associated to €; and Lie?{.,.} = 0. We have a similar statement for €.

Proposition 3.1. Lie2{.,.} = 0. In particular, Lieg{.,.} is a PBHT compatible with {.,.}.
Proof. The PBHT associated to 29 has the form
{1(0),1° (1)} = 9578 (2~ y) + T3 00(z ~ ).

Here and in what follows, it is to be understood that all functions on the right hand side depend on ¢(x).
Note that _ _
Liez{.,. }(t"(2),t(y)) = 077" (z - y) + T30 £10(x - )

where
090 =015 - T3 0.8%1%5,0-8” + I'570,8-Q3°02 &

=157 008! 1155 008l £/ + T3 0056} - Q5005301 £

From equation (3.3), the coefficients of §'(z —y) of Lie2{.,.} vanish while the coefficients %gi of §(x -vy)
have the form

fgﬁ =—f f”ang“eéfé}yég + 26268051 o1 b - f’26f5§”5,1y5§ g

+ [20050050), 05 — fR07 00N, + £ 56k 60 6] L6,
— f28587000, 05T — 0N 0000, 05Ty — Q=6 0Ll £,

Then from the identities (2.4) and the definition of f(7), it follows that %gi = 0. For example,

NQT:L _ —fa/,-lef” + f,21—‘%}1 _ fl21—éj“r + Q%l Ilfl + fl21—é7ll _ f121—\72“}r _ fl21—\gilr _ f,2]~—‘g}r _ ﬁ?{lf”
=—(d+ 1) P+ (A=) f' f" = ff" = (=)' =0
and when y=1, a=rand 87

= d-1
5 =271} = 2f*(—5~ 82+ 0y EP) = 0.

g

Lemma 3.2. The pair T = (92,61) form a QFPM of degree d = 2 —d. Moreover, if T is reqular then T
s regular.



Proof. The second term of the identity
ﬁl(t) = le - f,EZ(atz ® Opr + Opr ® 8t’)

contributes only to entries of the last row and last column of Q;(¢). From the normalization of Qy, we
get . . . ,
QL) = (F - F'BE()S; = (f = (L= d)7 )5 = (=1)3.
Therefore, _
det Ql(t) = fr det Ql(t) +0.

Hence, using Proposition 3.1 and Corollary 2.6, T is a FPM. Let ¥ denote the contravariant (and also
the covariant) derivative of Q; and set 7:= —7 = —t!. Then the vector fields

€:=W17, and E:=Vy7=-E
satisfy equations (2.2) and
LiezQs = Lie_pQq = —(d - 1) = (d - 1)Q. (3.5)
Hence, T is a QFPM of degree d=2-d. For the regularity condition (2.3), we have

1-d

iy d—-1 . _ , . , .
Ri0) = L2605 - 1B = ~RI0). (3.6

Therefore, det(E{ ) # 0 if and only if det(R{ ) #0. O

We keep the definitions 7 = -7 and E = —F given in the proof of Lemma 3.2 and we call T’ = (€Q,;)
the conjugate QFPM of T. The name is motivated by the following corollary.

Corollary 3.3. T has a conjugate and it equals T
Proof. We observe that d =2 —d # 1 and the function 7 = —7 satisfies the requirements (3.1) as
A7) =0 and E(7)=-E(-t')=(1-d)t' = (1-d)7. (3.7)

However, applying Lemma 3.2 to T, we get a QFPM (§22,Liex0)y) where

= Ny T 1N 2,1\ 2
e:f(T)€:T1*d€= (t )l—d,(t )l—dat.,« —e.

Now we can prove Theorem 1.1.

Proof of Theorem 1.1. From the work in [10], regularity of the associated QFPM implies that the charge
d # 1. Then the proof follows from applying Lemma 3.2, Corollary 3.3 and Theorem 2.7 to the associated
regular QFPM. O

For a fixed Frobenius manifold, the new Frobenius manifold structure constructed using Theorem 1.1
will be called the conjugate Frobenius manifold structure.



Example 3.4. We consider the Frobenius manifold structure of charge -1 defined by the following solution
to the WDV'V equations.

1
F= 575%751 +t3logt

In the examples, we use subscript indices instead of superscript indices for convenience. Here, the identity
vector field e = Oy, and the Euler vector field E = 2t10;, + t20,,. Note that EF = (3 —d)F +2t2. The
corresponding reqular QFPM consists of

(%) ( o ) Q (t) ( v ) (3.8)

The conjugate QFPM T = (Q,$1) is of degree d = 3. In the coordinates

to
— ==
S1 1, 82 "
we have
281 89 ~ 0 1
QQ(S):( S9 % )7 QI(S):( 1 0 )
51

and the potential of the conjugate Frobenius manifold structure has the form

1
F= 53135 —log s1.

Note that the Euler vector field E = —E(s) = —-2510s, + 5205, and EF = (3- cT)F +2. We observe that
applying the inversion symmetry to the potential F(t), we get

= 1
F(z) = §z1z§ —-logz1 + constant

and F(z) defines the same conjugate Frobenius manifold structure. We prove this for certain type of
Frobenius manifolds in next section.

Example 3.5. We consider Frobenius manifold structures found recently in [3] on the orbits space of the
reflection group of type By. It is provided to us by the anonymous reviewer of this article as an example of
Frobenius manifold structure whose associated QFPM has a conjugate but it is not reqular. The potential
of this Frobenius manifold reads

1 14 1, 5 15 99 1 4 3 2
F = =12, + totaty — —t* + ~t4t2 + ~t2tat] — 212 + — 315 + 22 log t.
gratt Thatata T oot T otsty T etalstl Tty pgtets T 513 108 s

where the charge and degrees given by

d—é, d1=§, dQZ%, d3=§, dy=1
The action of the Euler vector field reads
ETF(t)=(3-d)F(t) + %Aijtitj = (3-d)F(t) +2t3 (3.9)
and the intersection metric Qo will be
OF () = QU () + AT, AT = ()7 (1) Ays. (3.10)



The associated QFPM T = (QQ,QL) is not reqular. However, it has a conjugate QFPM T = (Qg,ﬁl).
Flat coordinates (s1,82,83,54) for Q1 are defined by

3 3 2
tl = =51, t2 = 89, t3 = —8183, t4 = —8481 - 828381

Note that one can still apply the inversion symmetry to the potential F(t) to get a Frobenius manifold
structure with a potential F(z) [8]. We checked that the QFPM obtained from F(z) agrees with T. We do
not consider this type of Frobenius manifolds in the next section as we will assume reqularity condition
(2.3) of the quasihomogeneous flat pencils of metrics.

Let us assume E has the form E = d;t'0,i. Then d; = 1-d and we have the following standard results.

Corollary 3.6. T is reqular QFPM if and only if d; + 4 5 for alli.

Proof. Applying the definition 2.3 to the matrix RJ (t) = (d Ly d; )5J (—d—1 +d; )5] O

Lemma 3.7. If Qij #0, then d; + dj =2 —d. Thus, if the numbers d; are all distinct then we can choose
the coordinates (t',...,t") such that QY =6,

r+1°

Proof. Notice that using [e, E] = e, we get Lieg€Q = (d — 2)Q;. Then the statement follows from the
equation g L o o
(2-d)QY (t) = LiegQ (dt*',dt’ ) = —d;Q (dt', dt’ ) — d;jQ (dt", dt).

4 Relation with inversion symmetry

We continue using notations and assumptions given in the previous section, but we suppose that T is
regular. Consider the Frobenius manifold structure defined on M by Theorem 2.7 and let F(¢) be the
corresponding potential. We assume Qilj(t) = 512“:]1 which is equivalent to requiring that F(¢) has the
standard form (1.5). We suppose further that the quasihomogeneity condition for F(t) takes the form
(1.6). In this case the intersection form 2 satisfies [10]

QY (t) = (d=1+d; +d;)V 00,6 F. (4.1)

Note that at this stage we are working under the hypothesis of Theorem 1.2.
Let us consider the coordinates (1.10) on M\{t' = 0}. Then the nonzero entries of the Jacobian
matrix are
aSi d1 di os" -2 - d1

2 =2_1
i tz t — t tr i+1 t d _ _tr tl a

o

—( 7 o

; =21 Q0s" -2
g5 _poilghya o 90 ghya
ul (T, S
Proposition 4.1. Consider the conjugate QFPM T=(0,0). Then7=s', Q¥ (s) =", €=0s and
E =d;s'04 where the numbers d; are given in (1.9).

Proof. Using the duality between the degrees outlined in Lemma 3.7, we calculate the entries ﬁ’ij (s) as
follows.



I) Fori=1

Gl (s) =~ 2o 95

G =Gl =G =
II) For 1<i<rand 1<j<r

~ii 8Si83j~kl

) = G e

Dst 089 ~ 0s' 0s) <., 0s' 0s) ~1; 0s' 0s) ~;
_ __Qll —,—Qll ol

ott ot Totott Torion t T oron Y

83 s’

Zj i+75,r+1
ot ot
2d; —2d, 2d'r SR
— (t ) 6’H—j,7”+
— 52+],T’+1

IIT) For 1<i<r

2 95t Os” 1 18 1\ 2-10s") 0s"
Q" t )% - —(t)¢ t )% .
(=A% o o(-aE G s Sy EGE). S
-2d _ ) —-2d;  _9J. . 2 dq-2d; 2
- (@B A )d“l (-—’@UW(#)T GGG
1
—2d; —9d- -2d;
:(tl)Tt’+( =2 oy jdl(tl) % t’)
1
—2di . 24
() ()
=0.
IV) Finally,
2 9s” il 2 9s" 2d; 2_10s"\ 0s"
Q" (s) =—(t")n (tld : “td ) :
(5)==()" 5 atl 22 () 1atH+1 rE)n ot
X -10s"\ 0s"
t )¢ Lt d t t d
((>1at1§ (W ) o
— (_ + 1) Z ¢ tr z+1(t )——2 d_tr(tl)g—f—l + Ztitr—i+1(tl)%—2
1 2
r—1 o ) _ r—1 . ) ) _ _
_ 2 2—%tltT72+1(t1)E72 _ Z 2d7“—2+1 tztrfz+1(t1)ﬁ*2 _ iﬂ*(ﬂ)f*l
=2 2d;  2dp_iv1\ i =2 9
_ 249 T—1 )tztrfwl tl a1
22: (d1 dy dy ()
=0.
It is straightforward to show that &= dsr. The vector field E = Q%j (8)0,; while
07 (s) = (dit" —dit' 25 d2t2g§2 ~dyt' 25y d3t3g§3 o —d S — dpt? 0 e -1 OE)
:(dltl (d2_d1)t2(t) (d3—d1)t3(t1) . S (—dy (52 — di )i (¢ )dl )
:( 1 2741 d 31‘11;—%3 1 or  gigr—i+l 1;—*1) (4.2)
ditt (do—dy)t(t ) U (dg=d)tP(t) e Xt (E) M '
=( dls (dg—d1)82 (dg—d1)83 s” )

10



We observe that the inverse transformation of the inversion symmetry (1.7) is given by

-1 1 ZT’Z+1 _Zk

1 r r k

the o =242 Lt 2<k<r
21 22 21

Thus, the potential (1.8) obtained from applying the inversion symmetry to F(¢) has the form

- -1 _22 _Zr—l 1r Zizr—i+l 1 r
F = (DRl —= = . — - STl
(2) = () (21,21, )
Lemma 4.2. The potential F(z) has the form
= 1\ 7 1 Lo i\ i
F(s) = (t")@ IE‘(t,...,t)—Et lett 2t e s (4.3)

Proof. We use the identities

1 1 12_1 1 2 r 27‘Z+1 ) 12di _Si

r 2 24 .
RO (D e I Ly E SRR
and the quasihomogeneity of the potential F(¢), i.e.,

2(3 d)

(d%E)IE‘(t) _ 282D gy - ( - +2)F(0). (4.4)

Then
n 1.0
()™ I:F(tl, st - 5,5? thtrzﬂ]
1

:(tl);_f[lﬁ‘(tl,...,t’")+( th(t")?) - t’“Ztt’“ ”1]

zrz+1

:(sl)d_f[F((SI)Q(Q_})’(SI%(§>='-'=<31> T RO )W(s?)%)ﬁ”

r—1 1 17“—1 1 171 . 1 17”—1 l,l ) ] 2
+" Zszsr i+ (S )dl +5 (5 Z(S )d1 gtgm ) )_ T(S )d1 ZSZ r—i+l _ 1(5 Z(Sl)dl str—z+1)
2 2
2 3 n 1 n—i+l
1 -4 142 -1 s S 1 —=8°Ss i r—i+l
—(S )dl [(S )dl F(8_17_§7_§7"'7§; sl +(8)(S )dl + S ESS (S )dl
-1 —82 _sr—l 1r Sisr—i+ 1 ro )
1\2 T i =i+l
=(s)F|—,—,..., , = + =5 s's
() (81 st st 221: st ) 2 ZI:

which is the potential of the inversion symmetry by setting s’ = z'.

Now we prove Theorem 1.2 stated in the introduction.
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Proof of Theorem 1.2. By Corollary 3.6 and Theorem 1.1, we use the above notations and assume T =
(Q9,€) is the associated QFPM. We need to show that the conjugate QFPM T = (Q,€2;) equals the
QFPM associated to the potential F(s) given in (4.3). This leads to verifying that Qa(s) equals the
intersection form Qy(s) defined by F(s). It is straightforward to show that F(s) is a quasihomogenius
function, i.e., EF = (3 - d)F. Hence

0 (s) = (A- 1+ + d;)0501°0,00,F.

After long calculations we find that ﬁgj (s) = ng (s). For examples, we obtained the first row of ng (s) in
(4.2) and for even r and 1 < 4,5 <r, we get by denoting 0,:0,; G(t) as G, ;

oL ol ™2 ot ol 2 ol ot r Qo 2
2d; 2d; 2d;

; 2d; . . o _2d; 2 2d; . . o 2 %45
=y (1= 20y (1 = 2y () E T g1 - 2y )
dy dy dy

QF (s) =

2d 2d. 2d;

2d; | i1 2 12— -1 reryitg
+dj(1—d—)t t](t ) a4y +(d—1+di+dj)(t ) i dy (Gr—i+1,n—j+1+t o ])
1

.y _2d;_2dj _2d; 245 .
= (dy —d; ~d)EE ()T T+ (dy + di+ d) ()T (G + 1787
2d; 2d;

= (dy—di - dy) () TE A (8 Gy pjir — 75 (4.5)
On the other hand

2d,_;

r—i+1 _1_4 2dy 41 2d7'—j+1 _
( o +Gr—i+1,r*j+1(tl) AT )(_(31) “ 1) (4.6)
. 2d; .
+(t’(t1)17%7W)(8’(31)%71)
_2d; 245 oA 2y 24— - _2d; 245
=(tr5r,i+j(tl)2 o +Gr7i+17r7j+1(t1) Tt d1+ A )—(tzt](t1)2 o dl)

2d; 2d;

= (t1)17E7W (trér’”jtl + GT,i+1,r,j+1tl — titj) .

O°F
887"7141837‘7]41

_2
tréniﬂ'(tl)l dy

Therefore,
- 2d; _2d; . o iy
O9(s) = (d+dj —d) () ™3 73 (87816 + Gy pgrtt — 7)) = QI (s). (4.7)
O
Example 4.3. Consider the following solution to WDV'V equations
F= g - %t%tl + %t%tg + %tltg. (4.8)

It corresponds to a trivial Frobenius manifold structure, i.e., Frobenius algebra structure does not depend
on the point. Here the charge d = 0, the Euler vector field E = ) t;0;, and identity vector field e = O, .
The intersection form is

1t t3
Qg(t) =| to t3—t1 —19
t3 —t9 t1
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Setting

s1=~t1, S2=-~, 83= 5+ 5

the conjugate QFPM has ﬁij(s) = 5é+j and

—S1 0 S3
382 1 Sg 289
Qs)=| O sty H5
83 —% -2z ﬁ + ﬁ -3
s1 s1 4s7 sy sy

The potential of the conjugate Frobenius manifold structure reads

-1 s2 sio1
F(s)= —+ 2 + —2 + —s2s3 +

- 2
65,  2s;  8s; 2 5153

2
One can check that this is the same potential obtained by applying the inversion symmetry to F(t). Note
that E = —$10s, + s30s, and EF =F.

5 The conjugate of a polynomial Frobenius manifold

In this section, we recall the construction of Frobenius manifolds on the space of orbits of Coxeter groups
given in [9] and we apply the results of this article.

We fix an irreducible Coxeter group W of rank r. We consider the standard real reflection repre-
sentation ¢ : W - GL(V'), where V is a complex vector space of dimension r. Then the orbits space
M =V /W is a variety whose coordinate ring is the ring of invariant polynomials (C[V]W. Using the
Shephard-Todd-Chevalley theorem, the ring C[V]"V is generated by r algebraically independent homo-
geneous polynomials. Moreover, the degrees of a complete set of generators are uniquely specified by the
group [16].

We fix a complete set of homogeneous generators u',u?,...,u" for C[V]". Let n; be the degree of
u'. Here, we have

2=m<m<nz <. <oy <7y

It is known that 7; + 1,_;+1 = 1 + 1. Consider the invariant bilinear form on V under the action of W.
Then it defines a contravariant flat metric Q9 on M and we let u! equals its quadratic form. We fix the
vector field e := Oyr. There is another flat contravariant metric €2y := Lie.£2o on M, which was initially
studied by K. Saito ([20], [21]) and it is called the Saito flat metric. Then T := (£22,€;) is a FPM and
Dubrovin proved the following theorem.

Theorem 5.1. [10] T = (Q2,Q1) is a regular QFPM of charge ":7 and leads to a polynomial Frobenius
manifold structure on M, i.e., the corresponding potential is a polynomial function in the flat coordinates.

We observe that the polynomial Frobenius structure defined by 7" has 7 = n%ul, the Euler vector field
== ZZ niu'd,:, the identity vector field e and degrees Z—Z Note that F is independent of the choice
of generators but e is defined up to a constant factor. Thus, changing the set of generators will lead to
an equivalent Frobenius manifold structure [9]. The following theorem was conjectured by Dubrovin and

proved by C. Hertling.

Theorem 5.2. [15] Any semisimple polynomial Frobenius manifold with positive degrees is isomorphic
to a polynomial Frobenius structure constructed on the orbits space of the standard real reflection repre-
sentation of a finite irreducible Cozxeter group.
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Clearly, T satisfies the hypotheses of Theorem 1.1 and we have a conjugate regular QFPM T :=
(22, LiegQ2), where € = (7)™e. Moreover, from the work of K. Saito and his collaborators (see also
[9]), we can fix u!,...,u" to be flat with respect to ©; and the potential of the polynomial Frobenius
manifold will have the standard form (1.5). In particular T is the regular QFPM of the Frobenius
manifold structure obtained by applying inversion symmetry to the polynomial Frobenius manifold on
M. Considering Theorem 5.2, we wonder what is the intrinsic description for the conjugate Frobenius
manifold as this may help in the classification of Frobenius manifolds.

In [1], we give a similar discussion for the r Frobenius manifold structures constructed in [22] on the
orbits space M when W is of type B, or D,.

6 Remarks

It is important to mention that the inversion symmetry of the WDVV equation can be applied to a
solution F(¢) in the standard form (1.5) under more general quasihomogeneity condition than condition
(1.6) and without the regularity condition (2.3) of the associated QFPM . In this case, if the conjugate
Frobenius manifold structure exists, we believe that it will be equivalent to Frobenius manifold structure
obtained by applying the inversion symmetry, we confirm this by Example 3.4 and Example 3.5.

Note that Frobenius manifold structures which are invariant under inversion symmetry were studied
n [18]. We did not consider these cases as the charge will equal 1.

It will be interesting to study the consequences of Theorem 1.2 on the interpretation of the inversion
symmetry in terms of the action of the Givental groups obtained in [13] and the relation found in [17]
between the principle hierarchies and tau functions of the two solutions to the WDVV equations related
by the inversion symmetry. We also believe that the findings in this article can be generalized to the
theory of bi-flat F-manifolds [2].

It is known that the leading term of a certain class of compatible local Poisson structures leads to
a regular QFPM and thus to a Frobenius structure [12], [10]. Polynomial Frobenius manifolds obtained
in [4] are constructed by fixing the regular nilpotent orbit in a simple Lie algebra and uses compatible
local Poisson brackets obtained by Drinfeld-Sokolov reduction. In these cases, the Poisson brackets form
an exact Poisson pencil, and thus their central invariants are constants [14]. If the Lie algebra is simply-
laced, then the central invariants are equal [11] which means the Poisson structures are consistent with the
principle hierarchy associated with the Frobenius manifold [12]. Fix one of these polynomial Frobenius
structures and denote the associated local Poisson brackets by Bo and B; (here By is the classical W-
algebra). In the flat coordinates, these local Poisson brackets form an exact Poisson pencil under the
identity vector field e, i.e., Lie.Bo = B; and Lie.B; = 0. Let us denote the leading term of By by By and €
is the vector field associated with the conjugate Frobenius manifold structure. We proved in this article
that Liengg = 0. Then it is natural to ask if € also leads to an exact Poisson pencil, i.e., Lie%IBig =0. Our
calculations for the simple Lie algebra of type As, shows that this is not true.
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